
8- 14

Last f. he . .
.

- Line integrals allow us to

integrate scalar- Eating

flay ,z) aan
ID"iÉ¥?j¥¥¥÷É÷¥; i. " """

✗

t:b /ftp.Hts-fbflr-k-y/lriYtH/J#7 achoose
punters

.fi ,-

rTf)aet'#
- Vector fields Étxiyit) = Mla y.hitvlx.yp-lji-Pkay.HR
assign a vectr to each aol.tk ix.yit )

I use
dot product

[
→⑦→→i-⇒¥ ateve-gp.tt

] ""it> * Yet¥④i
y⇒→§

scalarf-cti.lt?T-)lxcyie)④#§→
,

tut-ein

i-tey-d-efu.eintegrd.tt?wc:gbE*.rYt#/fE.Tds;/E. di =

1 a 1choose pn
-- alt)

,
aEtEb

¥-→F



These have physical - a- i- g :
• If É is a f.see field

,

like
gra
-

it -1 or electric field
,
then

É

1. t•.t
)

•
t :b C

→ f f
••t=o

b

f É - di =/ F-ftp.rktldt
c a oriented

Is tone by a field
¥ on object tracing p

-
th C

• If É is a velocity field [ like the ser .

'
- the

¥ o-ce.rs ex-Ple ) ,
then

b

f
,

E. ti =/ É(⇒ . F' ltltt

a

e

•

Is the Fto of F- along C.

special case : ①¥:

if C
is a d_Éc I Ela)=Hb)

curves Sho-Itbe
circulation = § É .

£? "

nice
"

.= simple ,

y
' c

closet
,

froth
fits get -an closeton flour)



[ Circulation and Flori- tergds
find the circulation of the field F- = - yitxg
around the circle Flt ) = costi + si-tj

of tE2-

so
want to calculate

c-

← ← of E.se/bECr-ltD.rYt)tt← ⇐t¥¥¥É c a

→→ of
↳ → Elite)) = -yitxj
on circle :

= -

si-titcostjrYE-f-s.tt/ii-Ccost)j
⇒ É -4€ = f-sinti + cost;) . 1-sinti + costs)

= sin't t cos't

= I

⇒ ci-c.kti-n-fE.tt = J
"

Itt

0

= 24

" circulation detects an. .- 1- of
"

rotation
" in

vector field
"



will learn abut another type of rect. - field integral called
aHyH i

- n- --elnt .

We 'll first tis ¢rss a useful notut.se- called
"differential E-Is

.

These allow us to study i-diuid-dco-pn-tsos-ai.ec/-o- field ;

F- = Mi +Nj

/
"

¥ "E. mi
who 1- if -e --1-1 want to -→we

o-eco-mp.at?-g.o-lyn..s-reM ?
F- lay ,

E) = Mlxcy , e) it Ntxiyielj 1-Play ,Z)Ñ
Ht) = gctli + h(f)j +klt)Ñnite

&É¥ =/ (mi + Nj +Pri) . ljltlittiltljitiltltildt
C b

=/bmlr-k-sljltltt.tw/rltHhlt)Jt+JPlrtiHkYtHt
✓ a a

A cuttle piece
of length

11 i-xsi-ad.in
"

If
It

*=/ Mdx 1- J
,

N dy + fpdz
c f e

only ones--es Iten:

Flt)=glt)i+h(
f)I

1- levator field
's

i ti-actin
✗(f)= glt

)

tx = g
' /f)dt



1¥ Circulation Litt for-s !)

find the circulation of the field É= - yitxg
around the circle Flt )= costi + si-tj

oEtE2-

so
Mtxiy) : - y

-

← ⇐ Nlx
, y) : x

←¥É Elt) : cost i tsirtj
I %→ ca
↳ → ⇒ ✗ (f) = cost

tx = -s.htdtylt-o.int
ty = cost Jt

⇒ f.E. tr-fmd-i.IN dog
2 IT

= JKo-yl-si.ttE) tfoxcosttt)

=/Is.it/-si-ttt)+fYostlcostdt)
☐

0

=/
"

Idf pe-spect.ae
-

it be

°

useful for
cakulctiyfkx

= 21T iutgr.IS .



Work
,
Flor

, . .
- i have another vector field Hegel

Flax integral
Idea of flux :

How much does
He sale feel

F- =
wind velocity field
•

a sail

→%É→ fr. - tie-ins
?

→ →÷¥÷¥1.

→

¥
É→E positive→ FEE
E.THE zero

in
É

←fÉ. ←⇒ negative

De
If C is an oriented

,
si- ple ,

S-→th curve in to-.in

at a co- ti---s vector field F- = Mlxiy) i + N tx.PT
The flu×c is

☒

Flux = / E. rids =/ Élr%y.&PrYt) / ft
c f a

choose
pa-wetriz.fi

.-

Blt )



Th-ee-ti.gs
:

- A curve is simple
if it does not intersect itself

. I- pro
-ta - t case for flux : closed cares ( bops )

which return to their start ¥-1716) )

Integrals , -c- dosedif Carls :

simple ,
si-Pkc

§( Itsnot closed closed

not simple nots.' -pie
not closed closed

• where does ñ
'

point ? decided by o-ii-t.fi . - of C

1- right hand rule

qñ:¥←¥÷"is
×

⇒ ✗ ñ=ñF×ñ=ñ
cortexlock-Me CCW clockwise CW

a- a-
turd nor-ol = in-art a- I

Fo- us
: vill be co-a-it to chooseccwpo-n-etriatia.afsntna-t.FI

-✗ to be positive .



This is a little duty .
Let 's der:-c a more useful 2D

expression :
2s .'s little

ñ =
ÑXÑ = ( ¥ it ,§i) ✗ ti me i.

acts"

F±+ñ=Y÷÷:\ = Ii - ÷ i
go
°

If ÉIX , g) = Mlxcy) i + May)j , tu-

E. = = E- (TI ñ)

= Mix
,g)¥ - N lay)¥s

§E. its = § 1m¥ - N E) ts

t o

is ¥¥÷÷÷¥¥= panty -NH
¥÷

. ⇒ If c oriented .

CCW ,
the

out-c-J flux d- É= Mi +Nj
con be ok-lated by

/F↳¥ao•ssc=&Mdy-Nt



E.
Find the flux of ¥ = -yi +ti across tie

circle nity -1i-xypha-e.SI"

c- F- = -yit -5 Need to orient C f. go
← ☒ Ccw

.
Con to by parametrization :← ⇐yf¥É ñltl = cost its.'-tj

I %→ Gq
↳ → oEtI2 -4

face the trick .

Flt> = xltsityltlj

⇒ M = -

y =
- si- t

N = x = cost

try = tsi- f) =
costdt

It = test) = - sintdt

Flux = fenty - Ntx
= /
"

- si-tfcastdt) - cost 1-sinttt)
0

= §
"

-

sintcostdttsintcosttf

= 0



16.3-a. Path independence
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• Logical Note :
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